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� � � ! � �" � � � #��$% � � � $�� � $#� �� & � ��� ! �#�

����$� � �� ' ��' �� � ���� ��������#�& ����� (�� � �

���� � � ! � ��� � 
 � �� ! �% )� � � �� �* + �

��� * ��, , � -� � � � � .$� ! #� ��� �

/' � * � , � ��#�� 0 & �� ##� � �$��� $#��� & � ������ �

� � #� � � (� � � � �� ������� �� ��� � � � � �� ��

�� �� ##��$)+ ��� ()� ���� � #� �� (�� � ����-���
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 4� 2 � 
 � ��3� �� � � � �
 4� 2 � 
 � ��3� �� � � � �
 4� 2 � 
 � ��3� �� � � � �
 4 ���
�

����� � ' ��$� ������ � ' ��$� ������ � ' ��$� ������ � ' ��$� �����

�

�$� �)�#��� �, �� �� �* + �$#��� ! ��� �� * �$#� � ��#���& � �� ��$�))+ �� 0 ��� , � )+ �.�)' �% )� �#� ' ��� �� (�

�� �� ! �% )� �� �� �* + -��5 � ! � .� �6���* �� ���� � �)�� (��� � �� )� * + �� � .� )� & , � ���$#��� 7 ' $�� � �

% � (� �� ��� , , � ��$�)�� 0 & )� $���$� ��� (�� $#��� #� ' ��� �% � �� , � #����� �)$�+ -�����& ���$�' )��6�

#� , � �� (�� � �� 0 $#�$�* �& �� �� �+ & � �#+ #�� , #���� �% �#� � �� ���� � �� )� * + �� � �$.� � �(�� , �� � �

! $�� �� �� �* + �$�� ' #��+ 6���� �$��$#�% + ��� �, � ��#��)� ���� ���� $#�! $))�& �� .$� � �� � �� & �$, ' , �

�� �($* ' ���$� ��(� ��� � �� 0 & )� $���$� ��� (��$� �)��' ��� ��#-�

�

8 $� �� $#�$��, $�� 6�� �� �� �� �.� �% � � ��$�.� #�$* ��$�* ��! � ��� .� )�)$(�$�* �� � .$�� #�� �������

% � �' #� � ��� �& � ! � ���$� �)�#��� �, �* � �� ���� �#6�� � + ���� �� )� ���� ��
 � �� �#���� ��' �% � #�$)#9 �

:������ � , ��" �� (�� � �
 � ' #�� �' �� � �$� �+ ;-��� $#��� & � ���& �� #� ��#�� � �� � ��$)#�� (�� ' ��! � �" �

�� �� ��� �! $� ��� * ��� ��� �� � �& � �� ��$�)��& & )$���$� ��� (�� � #� �� � .$�� #-�

�

8 � �! � ' )� �)$" � ��� �� ��" �� � �����:� � ! ���� �
 � �� ! �% )� ���� * ��, ;�(� ��(' �� $�* ��1< �� (�

� � ��� #�#�� (�� $#�! � �" -���� ' ������& �� /� ����� (� �� ��� �$#��=��=�����=��=��-�

�

��� /� ����$, #���� �� % /� ��$.� #��� /� ����$, #���� �� % /� ��$.� #��� /� ����$, #���� �� % /� ��$.� #��� /� ����$, #���� �� % /� ��$.� #��

�

� � �(' �� �, � ���)��$, �� (�� $#�& �� /� ���$#��� �� � �� �, $�� �$(�� $� � ��� � �� )� ���� ���� �� ��� ��� � �

�' �% � #�$)9 ���� �#' $��% )� �)$(�$�* �� � .$�� #�(� ��' #� �� ����.� ��$��)��0 $#��$� �)�#��� �, ��' �% $�� -��

�� ����� , & )$# �� $#���, �� � , ��$��)�, � � � )� �#�% � � ��� � .� )� & � � ��� �#$, ' )��� ���.� ��$��)�

�0 $#��' �% $�� -��� $#�, � � � )� �#�% � � ��' #� � ��� ���)�' )��� ���� ��� , & ��� �� � �& � ! � ��

* � �� ���� � �% + �� � �� $((� �� ���)$(��� � .$�� #6���� ����� �.� ��$� ��)� + � �� (� $)-�

�

� � �� .� ��))�& �� /� ���$#�� $.$� � � �$��� ��! � �#��* � #-��� � �($�#��#��* � �$#��� �� � .� )� & �� � �

�' , � �$��)�, � � � )���� 6�$(��& & �� & �$��� 6��� �& �� * �� ##�! $� �&  �#� ���� ���$�.� ).� #�#��)� �

, � � � )��� #�#�$����)�% � ���� �+ -��� $#��� & � ���& �� #� ��#�� � ��� #' )�#�� (�� �#� ��-�

�

� ' , , ��+ �� (�� � � � � � )� * + ���� ' , , ��+ �� (�� � � � � � )� * + ���� ' , , ��+ �� (�� � � � � � )� * + ���� ' , , ��+ �� (�� � � � � � )� * + ��� � & �� � �� & �� � �� & �� � �� & �� � ��

�

� � �, �� � , ��$��)�, � � � )� �#�% � � ��� � .� )� & � � �' #$�* �� ��)�% ���� �$#�% �#� � �� ��� � � �+ �

��� �� 0 & � �$, � ��#�(�� , �� � �#�' � + �� (�.� ��$��)��0 $#�! $�� ��' �% $�� #-��� � �, �� � , ��$��)�

, � � � )��##' , � #�� ���� � �% �#� ���#� ��� �($* ' ���$� ��(� ��� � ��' �% $�� �! $))�% � �(� ' ��& ���))� )�

)$(��� � .$�� #�)� ���� � �������� �#�������� $' #�(�� , �� � ��� ���� �� (�� � ��' �% $�� -���� /��� ���)$(��

� � .$�� #�! $))�� � �� (� �� �#' % �� �� ������* )� �� (�>�? ����� � ��� ���� �� (�� � ��' �% $�� -�

�

� � �, � � � )� �#�% � � ��' #� � ��� ��� , & ��� �� )� ���� ���� �� �#���� ��' �% � #�$)#9 �! $� �

�� �.� ��$� ��)� + � �� (� $)�#� ��$� �#��� �#� � �$(�� � �� �$#���)$" � )+ ��� ��% � �� ($��(�� , �' #$�* �#' � �

� � .$�� #-��

�


 � ��)' #$� �#���� �
 � �� , , � �� ��$� �#
 � ��)' #$� �#���� �
 � �� , , � �� ��$� �#
 � ��)' #$� �#���� �
 � �� , , � �� ��$� �#
 � ��)' #$� �#���� �
 � �� , , � �� ��$� �#����

�

3� ��$��)���� � � �$@ � ���)��0 $#�, �� $�� #� �.� �% � � ���� , & ��� � 6���� �.� ��$��)��0 $#�

, �� $�� #��)� ��)+ �& �� .$� � �$���� �#� � �()� 0 $% $)$�+ �!  � ��� � �()� ! �$#��� �#���$�� � ��� & ���� �



�$$�

% � ��� , �:$-� -�# �))� ! �#� �#;���� �� � + �* $.� ��� � � � ��� ���� )�� (��� �7 ' � ���� ���* ' )���

(�� 7 ' � ��+ ��� , & ��� � �! $� � � �$@ � ���)��0 $#�, �� $�� #-�

�

� �� $�� #�& � ! � �� � �% + �� )� ���� ���� �� �#�� ���' �% � #�$)#9 ����6�(� ���� ���$���� �($* ' ���$� �#6�

& �� � ' �� �)��* � ��� �$.$�* �(� ��� #�� ����� �.� ��$� ��)� + � �� (� $)#-��� � �& � �" �.�)' � 6�! $� �

�� #& � ����� �#� )$� $�+ 6�� (�� � �, � ���& � ! � ��� ' �& ' ���� ��� #& � �� #��� ��� $*  � ��� & �$, ' , �

#� )$� $�+ �(� ��� � � + � �� (� $)�& � ! � �� � �, �� $�� ��� , & ��� � ��� �� � �� )� ���� ���� �� ����� �

�' �% � #�$)9 �, �� $�� #-��� � �& � �" �$��� � �, � ���& � ! � ��$#��)#� �� � & � �� � ���� ��� � ��$& �

#& � � � ����$� ���� �� ��' �#����#)$*  �)+ � $*  � ��.�)' � #�� (��$& �#& � � � ����$� �(� ��� � � + � �� (� $)�

& � ! � �� � �, �� $�� 6�% ' ���� , �$�#�% � )� ! �� � ���.$���$� ��)$, $�-��� � ��� #' )��� (�� � #� �

� ������ �$#�$�#�$#��& & �� 0 $, ��� )+ �� 7 ' �)�& � �" �.�)' � #�� (�, � ���& � ! � ��� ' �& ' ��% ' ��! $� ���

#, �))� ���� ��� #& � �� $�* ��� �7 ' � �(� ��� � � + � �� (� $)���#� -���

�

� � �� )� ���� ���� �� ��� ���' �% � #�$)9 �& � ! � �� � �, �� $�� �$#�, � �� �#� �#$�$.� ��� �� ��* �

% � ��' #� �� (�� � �)� ! � ��)$(���� �� ��* ����$� �!  � ���� , & ��� � ��� �� � � + � �� (� $)�& � ! � �� � �

, �� $�� -��� � �, � � � )��' ��� ��)+ �' �� � �� #�$, ��� #�� ��* �% � ��' #� ��� ��))� ! ���� �$#�, �� � �

(� ��� � �#' & & � ��$�* �#��' ��' �� -��� � �� �$#��)#� �' ��� ���$��+ ��� * ��� $�* �� � �% �  �.$� ' ��� (�

� � �)$(���� � (($�$� ���(� ��� )� ���� ���� �� �#�� & � ���$�* �$�����' �#�� �� + �, ���� �-�����$#��), � #��

�� ���$��� ���� � #� ��! � �& � $��#�! $))��� , % $�� ��� �#$* �$($����)+ �)� ! � ��� � �& � �(� �, ���� �� (�

� � �� )� ���� ���� �� ��& � ! � �� � �, �� $�� 6���� �, �+ �� .� ��& �� .� ���� � �, �� $�� �(�� , �

� & � ���$�* -�

�

�(�� ���� �#$� � �$�* �� � #� ��� #' )�#�! � �% � )$� .� �� ���� � �� �$#��� �����)� �����#� �$��#' & & � ���� (�

� $� � ��� )� ���� ���� �� �#�� ���' �% � #�$)#9 �$���& & )$���$� ���#�.� ��$��)��0 $#��$� �)�#��� �, �

�' �% $�� #6���� ��#�#' � �! � �� � ��� ��& �� & � #� ��� ��� ��$�' � ��� �&  �#� ���� (�� $#�& �� /� ��-
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 � � �� � �� ����
�

�� �� �
 � �� 
 ��� � ---------------------------------------------------------------------------------------------------------��

�-�� � ��" * �� ' �� ----------------------------------------------------------------------------------------------------------��

�-�� �$, ���� �� % /� ��$.� #�� (�� � ���� /� �� ----------------------------------------------------------------------��

�� �� 
 5 � �
 �	�� �
 A B 
 � � � ���� ��5 � ��
 � C � 
 � ------------------------------------------------------��

�-�� � & � ���$�* ���$��$& )� #�� (�� � �� )� ���� ��
 � �� ����� ��' �% � #�$)9 -----------------------------��

�-�� 3� ��$��)�.� �#' #�5 � �$@ � ���)��0 $#�� �� $�� #----------------------------------------------------------��

�-D� � �0 $, ' , ��� ! � ��.� �#' #�� .� ��))�� (($�$� ��+ -------------------------------------------------------��

D� 
 � � 3� � ��� � �	�5 4 �
 � � � �	�3� 
 � � � ��
 � �� � � ���� 3�
 � � ------------------------------��

D-�� 	$(����� ����* �
 � � (($�$� ��#------------------------------------------------------------------------------------��

D-�� �� ! � ����� ��� �7 ' � ----------------------------------------------------------------------------------------------->�

D-D� �� ! � ��
 � 7 ' $�� � ��� �B � �� ���� �	$(� ----------------------------------------------------------------------���

E� 
 � � 
 	� � �� � � ��� ��
 � 
 � � � � � ����� � � --------------------------------------------------------�E�

1� 
 � � � 
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 � � -----------------------------------------------------------------------------------------------------------�1�
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�



�$.

	�� ��� � �� �B � 
 � �	�� ��� � �� �B � 
 � �	�� ��� � �� �B � 
 � �	�� ��� � �� �B � 
 � � ����
�

� $* ' �� ��� $* ' �� ��� $* ' �� ��� $* ' �� ��������� )� ���� �F#�(' ))��� )� ���� �F#�(' ))��� )� ���� �F#�(' ))��� )� ���� �F#�(' ))����#$@ � �
 � �� �# $& �G � �' �" �' H#$@ � �
 � �� �# $& �G � �' �" �' H#$@ � �
 � �� �# $& �G � �' �" �' H#$@ � �
 � �� �# $& �G � �' �" �' H ---------------------------------------------------------��

� $* ' �� ��� $* ' �� ��� $* ' �� ��� $* ' �� ��������	$(����� ��$� ��' #$�* �� )� ���� ��
 � �� ��� ���' �% � #�$)9��	$(����� ��$� ��' #$�* �� )� ���� ��
 � �� ��� ���' �% � #�$)9��	$(����� ��$� ��' #$�* �� )� ���� ��
 � �� ��� ���' �% � #�$)9��	$(����� ��$� ��' #$�* �� )� ���� ��
 � �� ��� ���' �% � #�$)9 -------------------------------------------��

� $* ' �� ��� $* ' �� ��� $* ' �� ��� $* ' �� ������D�� ' , � �$��)��� , & ��$#� ��� (�.D�� ' , � �$��)��� , & ��$#� ��� (�.D�� ' , � �$��)��� , & ��$#� ��� (�.D�� ' , � �$��)��� , & ��$#� ��� (�.� ��$��)���� � � �$@ � ���)��0 $#�, �� $�� #�' #$�* �� ��$��)���� � � �$@ � ���)��0 $#�, �� $�� #�' #$�* �� ��$��)���� � � �$@ � ���)��0 $#�, �� $�� #�' #$�* �� ��$��)���� � � �$@ � ���)��0 $#�, �� $�� #�' #$�* �

I �' )� #�� (�� ' , % II �' )� #�� (�� ' , % II �' )� #�� (�� ' , % II �' )� #�� (�� ' , % I ----------------------------------------------------------------------------------------------------------1�

� $* ' �� �D� $* ' �� �D� $* ' �� �D� $* ' �� �D���������* ���� �)$(���� � (($�$� ��#�(� ��#+ , , � ��$��)� + � �� (� $)�JDK�����* ���� �)$(���� � (($�$� ��#�(� ��#+ , , � ��$��)� + � �� (� $)�JDK�����* ���� �)$(���� � (($�$� ��#�(� ��#+ , , � ��$��)� + � �� (� $)�JDK�����* ���� �)$(���� � (($�$� ��#�(� ��#+ , , � ��$��)� + � �� (� $)�JDK --------------------------------L�

� $* ' �� �D� $* ' �� �D� $* ' �� �D� $* ' �� �D���������* ���� �)$(���� � (($�$� ��#�(� ��� )� ���� ���� �� ��J�K�����* ���� �)$(���� � (($�$� ��#�(� ��� )� ���� ���� �� ��J�K�����* ���� �)$(���� � (($�$� ��#�(� ��� )� ���� ���� �� ��J�K�����* ���� �)$(���� � (($�$� ��#�(� ��� )� ���� ���� �� ��J�K -----------------------------------------------L�

� $* ' �� �D� $* ' �� �D� $* ' �� �D� $* ' �� �D����D����* ���� �)$(��D����* ���� �)$(��D����* ���� �)$(��D����* ���� �)$(���� � (($�$� ��#�(� ���' �% � #�$)9 �J�K�� � (($�$� ��#�(� ���' �% � #�$)9 �J�K�� � (($�$� ��#�(� ���' �% � #�$)9 �J�K�� � (($�$� ��#�(� ���' �% � #�$)9 �J�K -------------------------------------------------->�

� $* ' �� �D� $* ' �� �D� $* ' �� �D� $* ' �� �D����E��� ! � ��� ' �& ' ��(� �� + � �� (� $)���� �� )� ���� ���� �� ��� ����$����% )� ��E��� ! � ��� ' �& ' ��(� �� + � �� (� $)���� �� )� ���� ���� �� ��� ����$����% )� ��E��� ! � ��� ' �& ' ��(� �� + � �� (� $)���� �� )� ���� ���� �� ��� ����$����% )� ��E��� ! � ��� ' �& ' ��(� �� + � �� (� $)���� �� )� ���� ���� �� ��� ����$����% )� �� -------------------���

� $* ' �� �D� $* ' �� �D� $* ' �� �D� $* ' �� �D����1��� �7 ' � �(� �� + � �� (� $)���� �� )� ���� ���� �� ��� ����$����% )� ��1��� �7 ' � �(� �� + � �� (� $)���� �� )� ���� ���� �� ��� ����$����% )� ��1��� �7 ' � �(� �� + � �� (� $)���� �� )� ���� ���� �� ��� ����$����% )� ��1��� �7 ' � �(� �� + � �� (� $)���� �� )� ���� ���� �� ��� ����$����% )� �� ------------------------------���

� $* ' �� �D� $* ' �� �D� $* ' �� �D� $* ' �� �D�������� ! � ���� 7 ' $�� � ��� �#& $��� )� ���� ���� �� ����� ! � ���� 7 ' $�� � ��� �#& $��� )� ���� ���� �� ����� ! � ���� 7 ' $�� � ��� �#& $��� )� ���� ���� �� ����� ! � ���� 7 ' $�� � ��� �#& $��� )� ���� ���� �� � -----------------------------------------------------------�D�
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�-��-��-��-� � ��" * �� ' ��� ��" * �� ' ��� ��" * �� ' ��� ��" * �� ' �� ����

�

�$� �)�#��� �, �� �� �* + �$#��� ! ��� �� * �$#� � ��#���& � �� ��$�))+ �� 0 ��� , � )+ �.�)' �% )� �#� ' ��� �� (�

�� �� ! �% )� �� �� �* + -��5 � ! � .� �6���* �� ���� � �)�� (��� � �� )� * + �� � .� )� & , � ���$#��� 7 ' $�� � �

% � (� �� ��� , , � ��$�)�� 0 & )� $���$� ��� (�� $#��� #� ' ��� �% � �� , � #����� �)$�+ -�����& ���$�' )��6�

#� , � �� (�� � �� 0 $#�$�* �& �� �� �+ & � �#+ #�� , #���� �% �#� � �� ���� � �� )� * + �� � �$.� � �(�� , �� � �

! $�� �� �� �* + �$�� ' #��+ 6���� �$��$#�% + ��� �, � ��#��)� ���� ���� $#�! $))�& �� .$� � �� � �� & �$, ' , �

�� �($* ' ���$� ��(� ��� � �� 0 & )� $���$� ��� (��$� �)��' ��� ��#-�

�

8 $� �� $#�$��, $�� 6�� �� �� �� �.� �% � � ��$�.� #�$* ��$�* ��! � ��� .� )�)$(�$�* �� � .$�� #�� �������

% � �' #� � ��� �& � ! � ���$� �)�#��� �, �* � �� ���� �#6�� � + ���� �� )� ���� ��
 � �� �#���� ��' �% � #�$)#9 �

:������ � , ��" �� (�� � �
 � ' #�� �' �� � �$� �+ ;-��� $#��� & � ���& �� #� ��#�� � �� � ��$)#�� (�� ' ��! � �" �

�� �� ��� �! $� ��� * ��� ��� �� � �& � �� ��$�)��& & )$���$� ��� (�� � #� �� � .$�� #-�

�

8 � �! � ' )� �)$" � ��� �� ��" �� � �����:� � ! ���� �
 � �� ! �% )� ���� * ��, ;�(� ��(' �� $�* ��1< �� (�

� � ��� #�#�� (�� $#�! � �" -���� ' ������& �� /� ����� (� �� ��� �$#��=��=�����=��=��-�

�

�-��-��-��-� �$, ���� �� % /� ��$.� #�� (�� � ���� /� ���$, ���� �� % /� ��$.� #�� (�� � ���� /� ���$, ���� �� % /� ��$.� #�� (�� � ���� /� ���$, ���� �� % /� ��$.� #�� (�� � ���� /� ������

�

� � �(' �� �, � ���)��$, �� (�� $#�& �� /� ���$#��� �� � �� �, $�� �$(�� $� � ��� � �� )� ���� ���� �� ��� ��� � �

�' �% � #�$)9 ���� �#' $��% )� �)$(�$�* �� � .$�� #�(� ��' #� �� ����.� ��$��)��0 $#��$� �)�#��� �, ��' �% $�� -��

�� ����� , & )$# �� $#���, �� � , ��$��)�, � � � )� �#�% � � ��� � .� )� & � � ��� �#$, ' )��� ���.� ��$��)�

�0 $#��' �% $�� -��� $#�, � � � )� �#�% � � ��' #� � ��� ���)�' )��� ���� ��� , & ��� �� � �& � ! � ��

* � �� ���� � �% + �� � �� $((� �� ���)$(��� � .$�� #6���� ����� �.� ��$� ��)� + � �� (� $)-�

�

� � �� .� ��))�& �� /� ���$#�� $.$� � � �$��� ��! � �#��* � #-��� � �($�#��#��* � �$#��� �� � .� )� & �� � �

�' , � �$��)�, � � � )���� 6�$(��& & �� & �$��� 6��� �& �� * �� ##�! $� �&  �#� ���� ���$�.� ).� #�#��)� �

, � � � )��� #�#�$����)�% � ���� �+ -��� $#��� & � ���& �� #� ��#�� � ��� #' )�#�� (�� �#� ��-�
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�-��-��-��-� � & � ���$�* ���$��$& )� #�� (�� � �� )� ���� ��
 � �� ����� ��' �% � #�$)9� & � ���$�* ���$��$& )� #�� (�� � �� )� ���� ��
 � �� ����� ��' �% � #�$)9� & � ���$�* ���$��$& )� #�� (�� � �� )� ���� ��
 � �� ����� ��' �% � #�$)9� & � ���$�* ���$��$& )� #�� (�� � �� )� ���� ��
 � �� ����� ��' �% � #�$)9 ����

�

� � �� )� ���� ���� �� ��$#�# � ! ��% � )� ! �$��� & � ���$� ���#�# $& �G #�$)#H -�

�

�
� $* ' �� �� $* ' �� �� $* ' �� �� $* ' �� ��������������� )� ���� �F#�(' ))�� )� ���� �F#�(' ))�� )� ���� �F#�(' ))�� )� ���� �F#�(' ))����#$@ � �
 � �� �# $& �G � �' �" �' H#$@ � �
 � �� �# $& �G � �' �" �' H#$@ � �
 � �� �# $& �G � �' �" �' H#$@ � �
 � �� �# $& �G � �' �" �' H ����

����

� � #� �� � .$�� #�* � �� ���� �)$(��% + ���� ��$�* ��$��' )��$� ��$��� � ��� /��� ���()' $� �% � ' �� ��+ �

)�+ � �-������ �.� ��$� ��)��� �� (� $)���� ��� #�.� ��$�� #���� ��$��' )��$� ��% + � �.$�* ����

�#+ , , � ��$��# �& � ���� �% + ����� (' )�� �$� ����$� ���� �� � �()� ! �:G ��* )� �� (������" H ;-��

5 � ! � .� �6�� � �� )� ���� ���� �� ����� ��' �% � #�$)9 ���� ��� ��$��' )��$� ��% + �& � �(� �, $�* �

, � � ��$��)�! � �" ���� �� � �� % + �& ' ��$�* �� �� �* + �$��� �� � �()' $� -��� � ��$, �$#��� �& ' ����#, �))�

�, � ' ���� (�� �� �* + �$��� �� � �()' $� �$��� �� � ���� �� 0 ��������)��* � ��, � ' ���� (�� �� �* + �(�� , �� � �

()� ! �#��� �, -��� � �� )� ���� ���� �� ��$#����� ���$�* ��+ )$�� � ����� �� � ��' �% � #�$)9 �:��#$, $)���

# �& � � �#��' ��' �� ;�#' �" #�� � �� �$.$�* �()' $� �� �� ' *  � � )� #�$��� �� �#$� � ��� �& �� � ' �� �)$(�-��

� � �(� ))� ! $�* �G � �� �� �H �#� � , ��$�#�# � ! � � ! �� � �! �" � �% �  $�� �� � ��+ )$�� � �#���� �

� � ()� ��� � 6��#����� #' )��� (�� � �! � �" �� � �� 6�% + ��)�� �$�* �� � �& � $���� (��� �, �)�()� ! �

#� & ����$� ��!  $� �$���� � ' �� #���)$(���� , & � �� ���� (�(� ��� -�
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� $* ' �� �� $* ' �� �� $* ' �� �� $* ' �� ��������������	$(����� ��$� ��' #$�* �� )� ���� ��
 � �� ��� ���' �% � #�$)9�	$(����� ��$� ��' #$�* �� )� ���� ��
 � �� ��� ���' �% � #�$)9�	$(����� ��$� ��' #$�* �� )� ���� ��
 � �� ��� ���' �% � #�$)9�	$(����� ��$� ��' #$�* �� )� ���� ��
 � �� ��� ���' �% � #�$)9 ����

����

B � �� ���$�* �)$(��$��� $#�! �+ �& �� � ' �� #�.� �+ � $*  �)$(���� � (($�$� ��#�� (�L�� ��, � �� 6�% ' ��� � �

� ��* �$#��)#� � $*  �:
 ��� (�� � �� �� � ���;-�

�

�-��-��-��-� 3� ��$��)�.� �#' #�5 � �$@ � ���)��0 $#�� �� $�� #3� ��$��)�.� �#' #�5 � �$@ � ���)��0 $#�� �� $�� #3� ��$��)�.� �#' #�5 � �$@ � ���)��0 $#�� �� $�� #3� ��$��)�.� �#' #�5 � �$@ � ���)��0 $#�� �� $�� #����

����

� � �� � #$* ���$� ��� (���, �� $�� ��#�� $� � ���� � �$@ � ���)�� ��.� ��$��)��0 $#�, �� $�� ��� (� �#��� �

� � �� �$� ����$� ��� (�� � ��0 $#�� (��� ���$� �-���� � �$@ � ���)��0 $#�, �� $�� �$#�� � #$* �� � ��� �! � �" �



D�

!  � ��$�#��0 $#�� (��� ���$� ��$#�& ���))� )��� �� � ��$� �)�#��� �, -��
 � �.� �#� )+ 6���.� ��$��)��0 $#�

, �� $�� �$#�� � #$* �� � ��� �! � �" �!  � ��$�#��0 $#�� (��� ���$� ��$#�& � �& � �� $�' )����� �� � ��$� �)�

#��� �, �:��� �.� ��$��)��#�� � ���, � �$, & )$� #;-�

�

3� ��$��)��0 $#��' �% $�� #� �.� �� ##� ��$�))+ �% � � ���� /� ��� � �% + �� � �! $�� �$�� ' #��+ �(� ��#� .� ��)�

.�)$� ��� �#� �#-��5 � ! � .� �6��$� �)�#��� �, #���� �.� �+ �� $((� �� ����� �! $�� ���� �� � �#�, � �)� * $��

� � � #��� ���& & )+ �$���))���#� #-�

�

8  + ���� ��� �.� ��$� ��)�! $�� ��' �% $�� #� � �$@ � ���)��0 $#M �

�

:$; � � ��� �� (� $)#� �.� ���.� �+ �� (($�$� ���)$(�=� ��* ����$� �N�, � �� �& � ! � ��& � ��#7 ' ��� �

, � ��� -�

:$$; � � + ���� ��� )��$.� )+ �� �#$)+ �, � ' ��� � � $*  �� ((�� � �* �� ' �� �!  � �� �� � �! $�� �$#�

#��� �* � �-�

:$$$; � � + �� � �O��#' ((� ��(�� , � $*  �(��$* ' � �)� �� #���' #� � �% + �' �� .� ���� �7 ' � ��##� �$��� � �

! $� �.� ��$��)��0 $#�, �� $�� #-�

�

� � �, �$��� $((� �� ��� #�#' % #� ����� �� � ��! � �% � ' �� ��$� #6�� � �#� ��#' �(��� ���� �� � �

#� �% � � 6���� �� � �� ((� ��#�� (�% ' � + ���+ -��� � �� $#����� �% � �! � � ��� � ��! � �% � ' �� ��$� #�

:! ��� ��� � & � ;�$#���, �/� ��� � #$* ���� ��� ���!  $)� �% ' � + ���+ �$#���& � �� ��$�)�% � �� ($�-�

�

�(��$� �)�#��� �, ��' �% $�� #���� ��� �#' ��� � � �� �����$�� ' #��$�)�#��)� �� � ��! � �, ' #���� �#$� � ��
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ωv_axis
2 tip_speed_ratio⋅ current_speed⋅

v_axis_diameter
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Torque 

torque v_axis
captured_power

ωv_axis
:=

torque h_axis
captured_power

ωh_axis
:=

Results 
Horizontal axis machine Vertical axis machine

Machine geometry
Diameter h_axis_diameter 60.326m= Height height 60.326m=

Diameter v_axis_diameter 47.38m=

Angular frequency

ωh_axis 0.232
rad

s
= ωv_axis 0.295

rad

s
=

Torque 

torque h_axis 26.931MN m⋅= torque v_axis 21.152MN m⋅=

Introduction 
This sheet uses the "rules of thumb" outlined by the DTI in their correspondence of 21 Feb 
2002.  

Input data

water_density 1025
kg

m
3

:= current_speed 2
m

s
:=

Rated_power 5MW:= tip_speed_ratio 3.5:=

Calculations 
Captured Power captured_power

Rated_power

0.8
:=

Swept Area swept_area
Rated_power

0.9 0.8⋅
8
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⋅ water_density⋅ current_speed

3⋅
:=

Horizontal axis machine Vertical axis machine

Machine geometry

h_axis_diameter
4 swept_area⋅

π
:= height h_axis_diameter:=

v_axis_diameter
swept_area

height
:=

Angular frequency

ωh_axis
2 tip_speed_ratio⋅ current_speed⋅

h_axis_diameter
:=
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Tturb
π Dturb⋅

Vturbtan
:=

Inertia of Flettner rotor I
M R

2
R trotor−( )2+�

�
�
�⋅

2
:=

Power Calculation

Tangential velocity of outer surface of Flettner rotor Vfletttan t( ) scratio Vturbtan⋅ sin
2π

Tturb
t�

�
�

	


�

:=

Angular velocity of Flettner rotor ω t( )
scratio Vturbtan⋅

R
sin

2π
Tturb

t�
�
�

	


�

:=

Angular acceleration of Flettner rotor α t( )
2π scratio⋅ Vturbtan

R Tturb⋅
cos

2π
Tturb

t�
�
�

	


�

:=

Power required to operate rotor P t( ) I ω t( )⋅ α t( )⋅:=

Average power Pave I
2 scratio

2⋅ Vturbtan
2

Tturb R
2⋅

⋅:=

Maximum power
Pmax I

π scratio
2⋅ Vturbtan

2

R2 Tturb⋅
⋅:=

R.M.S power
Prms

Pmax

2
:=

Results 
Turbine period Tturb 26.18s=

Rotor wall thickness trotor 10mm=

Average power Pave 2.642 10
5× W=

R.M.S. power Pmax 4.151 10
5× W=

Maximum power Prms 2.935 10
5× W=

Introduction 
This file calculates the power required to spin a Flettner rotor with a sinusoidal variation in the 
rate of spin.  It is a simplified calculation that assumes no losses and makes no attempt to 
include the efficiency and behaviour of the power supply to the rotors.  Also no account is taken 
of the behaviour of the water in close proximity to the rotating cylinder.  It is assumed that the 
same amount of power is required to decelerate the rotor as is required to accelerate.

Inputs 
Environmental 

Uc 2
m

s
:=Current velocity

Material 
ρ s 7850

kg

m
3

:=
Density of Steel

Turbine 
Turbine diameter Dturb 50m:=

Tip speed ratio tsr 3:=

Ratio of Flettner spin to turbine rotation scratio 2:=

Radius of Flettner rotor R 1.963m:=

H 25m:=Height of Flettner rotor

Thickness of Flettner rotor skin trotor 10mm:=

Preliminary Calculations
Tangential velocity of turbine Vturbtan tsr Uc⋅:=

Volume of Flettner rotor Vflett π R
2

R trotor−( )2−�
�

�
�⋅ H⋅:=

Mass of Flettner rotor M ρ s Vflett⋅:=

Turbine period

�
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Turbine type itype 1:=

Phase angle increment ntheta 12:=

Solidity sol 0.2:=

Interference factor a 0.3:=

hydrofoil characteristics
Lift coefficient constant cl0 4.297:=

Drag coefficient constants cd0 0.01:=

cd1 0.05:=

Pitch Angle pitchAng 0.0:=

Flettner rotor characteristics
Spin speed / rotation speed scratio 2:=

Turbosail characteristics
Suction velocity

csuck 0.04:=
Stall Angle

stallAng 406.8 csuck⋅ 1 14.87 csuck⋅+( )⋅:=

Introduction 
This Mathcad sheet performs a basic analysis of a vertical axis tidal current turbine.  The lift 
devices are specified by the user and can be either hydrofoils, Flettner rotors or Turbosails.  For 
a user defined turbine geometry the effective velocity is calculated.  This is used to calculate 
the lift and drag forces which are then resolved into the radial and tangential directions allowing 
calculation of the power derived from the turbine rotation. 

Limitations 
This Mathcad sheet calculates the forces and power output in the absence of any wake effects. 
 It is not known precisely how Flettner rotors behave in wakes.  Also, all these quantities will 
vary with height (depth), this analysis assumes a current profile described by the 1/7 power law.

Data 
Environmental Data

Surface current velocity VcSurf 2
m

s
:=

Sea water density density 1025
kg

m
3

:=

Sea depth wDepth 50m:=

Number of depth increments nzh 5:=

Turbine Data
Number of arms (blades, rotors or whatever)narm 4:=

Overall radius radius 10m:=

Overall height height 20m:=

Rotation speed / current speed rcratio 3:=
itype=1 for hydrofoil
itype=2 for Flettner rotor 
itype=3 for TurbosailTM

�
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Pitch angle (hydrofoil only) pitchAngib it, if itype 1= 0.1745− cos thetaib it,( )⋅, 0,( ):=

Create user function to give correct sign sign2 x( ) if x 0= 1−,
x

x
,�

�
�

	


�

:=

Spin direction (Flettner rotor only) spinDir ib it, if itype 2= sign2 cos thetaib it,( )( ), 1,( ):=

Device width devWidth
sol 2⋅ π⋅ radius⋅

narm
:=

Effective Velocity 
Effective velocity due to rotation and current (fluid velocity relative to lift device, lift device 
rotating anti-clockwise with anti-clockwise rotation positive measured from +ve x-axis, current 
in the +ve x-direction)

factorveffxib it, rcratio sin thetaib it,( )⋅ 1 a−( )+�� ��:=

Effective velocity in x-direction veffxiz Vcurriz factorveffx⋅:=

factorveffyib it, rcratio− cos thetaib it,( )⋅:=

Effective velocity in y-direction veffy iz Vcurriz factorveffy⋅:=

Effective velocity veff iz veffxiz( )2
veffyiz( )2

+

→

:=

Angle between -veff and tangential 
velocity of cylinder

rAngleib it, atan2
rcratio

1 a−
sin thetaib it,( )+�

�
�

	


�

cos thetaib it,( ),�
�
�

�


�

:=

effective blade incidence (hydrofoil only) effAlphaib it, rAngleib it, pitchAngib it,+:=

Environmental Calculations
Set up range variable iz 0 nzh..:=

Locate base of lift device bDepth 0.5 wDepth height−( )⋅:=

Locate top of lift device tDepth bDepth height+:=

Create Z-position matrix (0 at seabed) zPos iz bDepth
height iz⋅

nzh
+:=

Current profile
Vcurriz

VcSurf

wDepth

1
7

zPos iz( )
1
7

⋅:=

Turbine Calculations
Basic Calculations
Angular spacing between arms

tAngle
2 π⋅

narm
:=

Create phase angle matrix for all arms throughout the rotation

Increment phase angle
th0

2 π⋅

ntheta
:=

Set up range variables it 0 ntheta..:=
ib 0 narm 1−..:=

Azimuthal angle for all arms at 12 
phases in cycle

thetaib it, it th0⋅ ib tAngle⋅+:=
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totPower 0 it,

ib

power ib it,�:=Total Power summed over all lift devices

power

iz

Poweriz�:=Total power over depth

Poweriz rcratio Vcurriz⋅ Rtangiz⋅( )
→

:=Power (Torque x angular velocity)

Torqueiz radius Rtangiz⋅:=Torque 

Power

Rtangiz liftiz sin rAngle( )⋅( )
→

dragiz cos rAngle( )⋅( )
→

−:=Tangential Component of Resultant Force

Rradiz liftiz cos rAngle( )( )⋅�� ��
→

dragiz sin rAngle( )⋅( )
→

+:=Radial Component of Resultant Force

Resolve in tangential and radial directions

dragiz α 1 veff iz( )2
CD⋅�

�
�
�

→

⋅:=Drag Force

liftiz α 1 veff iz( )2
CL⋅�

�
�
�

→

⋅:=Lift Force

α1 0.5 density⋅ devWidth⋅
height

nzh
⋅:=Lift and drag factor

CDib it, cd0 cd1 effAlphaib it,( )2
⋅+�

�
�
� itype 1=if

1.7 scib it,⋅ 3.1−( )( ) scib it, 3.8<( )if

0.3− scib it,⋅ 4.2+( )( ) scib it, 3.8≥if

itype 2=if

0.6 3 effAlphaib it,( )2
⋅+ itype 3=if

:=

Drag Coefficient

CLib it, cl0 effAlphaib it,⋅ itype 1=if

spinDir( ) ib it, 0.5 scib it,⋅ 6.4+( )⋅ scib it, 3>if

spinDir( ) ib it, 3.5 scib it,⋅ 2.7−( )⋅ 0 scib it,< 3≤if

itype 2=if

sign effAlphaib it,( ) 1.6 50 csuck⋅+ 9.2 effAlphaib it,⋅+( )⋅ effAlphaib it, stallAng<if

sign effAlphaib it,( ) 2.5⋅ otherwise

itype 3=if

:=

Lift coefficient

scib it, if itype 2= scratio, 0,( ):=Create matrix of spin/rotation (Flettner)

Lift and Drag Force 
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Force 

Force in x-direction Rxiz Rradiz cos theta( )⋅( )
→

Rtangiz sin theta( )⋅( )
→

−:=

Force in y-direction
Ry iz Rradiz sin theta( )⋅( )

→
Rtangiz cos theta( )⋅( )

→
+:=

Total force in x-direction over depth for
individual devices

totx

iz

Rxiz�:=

Total force in x-direction summed over all lift devices totX 0 it,

ib

totxib it,�:=

Total force in y-direction over depth for
individual devices

toty

iz

Ry iz�:=

Total force in y-direction summed over all lift devices totY0 it,

ib

toty ib it,�:=

Average effective velocity over depth for
individual devices veffa

iz

veff iz�

nzh 1+
:=

0 1 2 3 4 5 6
4

5

6

7

Lift device 1
Lift device 2
Lift device 3
Lift device 4

Azimuthal angle (radians)

E
ff

ec
tiv

e 
ve
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ci
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 (m

/s
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Total drag over depth dragt

iz

dragiz�:=

0 1 2 3 4 5 6
5000

1 .104

1.5 .104

2 .104

Lift device 1
Lift device 2
Lift device 3
Lift device 4

Azimuthal angle (radians)

D
ra

g 
 (N

)

Total lift over depth liftt

iz

liftiz�:=

0 1 2 3 4 5 6
4 .105

2 .105

0

2 .105

4 .105

Lift device 1
Lift device 2
Lift device 3
Lift device 4

Azimuthal angle (radians)

L
if

t (
N

)
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Total radial force over depth Rradt

iz

Rradiz�:=

0 1 2 3 4 5 6
4 .105

2 .105

0

2 .105

4 .105

Lift device 1
Lift device 2
Lift device 3
Lift device 4

Azimuthal angle (radians)

R
ad

ia
l f

or
ce

 (N
)

Total tangential force over depth Rtangt
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Total torque over depth for each lift device torque

iz

Torqueiz�:=
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� 0 �, & )� �� 0 �, & )� �� 0 �, & )� �� 0 �, & )� �����P��-1�� 8 �5 + � �� (� $)6���� $' #�1, 6� � $*  ����,P��-1�� 8 �5 + � �� (� $)6���� $' #�1, 6� � $*  ����,P��-1�� 8 �5 + � �� (� $)6���� $' #�1, 6� � $*  ����,P��-1�� 8 �5 + � �� (� $)6���� $' #�1, 6� � $*  ����, ����

Phase angle increment ntheta 12:=

Solidity sol 0.15:=

Interference factor a 0.3:=

hydrofoil characteristics
Lift coefficient constant cl0 4.297:=

Drag coefficient constants cd0 0.01:=

cd1 0.05:=

Pitch Angle pitchAng 0.0:=

Flettner rotor characteristics
Spin speed / rotation speed scratio 2:=

Turbosail characteristics
Suction velocity

csuck 0.04:=
Stall Angle

stallAng 406.8 csuck⋅ 1 14.87 csuck⋅+( )⋅:=

Data 
Environmental Data

Surface current velocity VcSurf 2
m

s
:=

Sea water density density 1025
kg

m
3

:=

Sea depth wDepth 50m:=

Number of depth increments nzh 5:=

Turbine Data
Number of arms (blades, rotors or whatever) narm 4:=

Overall radius radius 5m:=

Overall height height 10m:=

Rotation speed / current speed rcratio 3.5:=
itype=1 for hydrofoil
itype=2 for Flettner rotor 
itype=3 for TurbosailTM

Turbine type itype 1:=
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� 0 �, & )� �� 0 �, & )� �� 0 �, & )� �� 0 �, & )� �����P�1�� 8 �5 + � �� (� $)6���� $' #��1, 6� � $*  ���1,P�1�� 8 �5 + � �� (� $)6���� $' #��1, 6� � $*  ���1,P�1�� 8 �5 + � �� (� $)6���� $' #��1, 6� � $*  ���1,P�1�� 8 �5 + � �� (� $)6���� $' #��1, 6� � $*  ���1, ����
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Phase angle increment ntheta 12:=

Solidity sol 0.12:=

Interference factor a 0.3:=

hydrofoil characteristics
Lift coefficient constant cl0 4.297:=

Drag coefficient constants cd0 0.01:=

cd1 0.05:=

Pitch Angle pitchAng 0.0:=

Flettner rotor characteristics
Spin speed / rotation speed scratio 2:=

Turbosail characteristics
Suction velocity

csuck 0.04:=
Stall Angle

stallAng 406.8 csuck⋅ 1 14.87 csuck⋅+( )⋅:=

Data 
Environmental Data

Surface current velocity VcSurf 2
m

s
:=

Sea water density density 1025
kg

m
3

:=

Sea depth wDepth 50m:=

Number of depth increments nzh 5:=

Turbine Data
Number of arms (blades, rotors or whatever) narm 4:=

Overall radius radius 25m:=

Overall height height 25m:=

Rotation speed / current speed rcratio 3.5:=
itype=1 for hydrofoil
itype=2 for Flettner rotor 
itype=3 for TurbosailTM

Turbine type itype 1:=
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� 0 �, & )� �� 0 �, & )� �� 0 �, & )� �� 0 �, & )� �DDDDP��-1�� 8 �� )� ���� ���� �� �6���� $' #��, 6� � $*  ����,P��-1�� 8 �� )� ���� ���� �� �6���� $' #��, 6� � $*  ����,P��-1�� 8 �� )� ���� ���� �� �6���� $' #��, 6� � $*  ����,P��-1�� 8 �� )� ���� ���� �� �6���� $' #��, 6� � $*  ����, ����

����

Phase angle increment ntheta 12:=

Solidity sol 0.04:=

Interference factor a 0.3:=

hydrofoil characteristics
Lift coefficient constant cl0 4.297:=

Drag coefficient constants cd0 0.01:=

cd1 0.05:=

Pitch Angle pitchAng 0.0:=

Flettner rotor characteristics
Spin speed / rotation speed scratio 2:=

Turbosail characteristics
Suction velocity

csuck 0.04:=
Stall Angle

stallAng 406.8 csuck⋅ 1 14.87 csuck⋅+( )⋅:=

Data 
Environmental Data

Surface current velocity VcSurf 2
m

s
:=

Sea water density density 1025
kg

m
3

:=

Sea depth wDepth 50m:=

Number of depth increments nzh 5:=

Turbine Data
Number of arms (blades, rotors or whatever) narm 4:=

Overall radius radius 6m:=

Overall height height 10m:=

Rotation speed / current speed rcratio 3.5:=
itype=1 for hydrofoil
itype=2 for Flettner rotor 
itype=3 for TurbosailTM

Turbine type itype 2:=
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� 0 �, & )� �� 0 �, & )� �� 0 �, & )� �� 0 �, & )� �EEEEP�1�� 8 �� )� ���� ���� �� �6���� $' #��1, 6� � $*  ���1,P�1�� 8 �� )� ���� ���� �� �6���� $' #��1, 6� � $*  ���1,P�1�� 8 �� )� ���� ���� �� �6���� $' #��1, 6� � $*  ���1,P�1�� 8 �� )� ���� ���� �� �6���� $' #��1, 6� � $*  ���1, ����

����

Phase angle increment ntheta 12:=

Solidity sol 0.04:=

Interference factor a 0.3:=

hydrofoil characteristics
Lift coefficient constant cl0 4.297:=

Drag coefficient constants cd0 0.01:=

cd1 0.05:=

Pitch Angle pitchAng 0.0:=

Flettner rotor characteristics
Spin speed / rotation speed scratio 2:=

Turbosail characteristics
Suction velocity

csuck 0.04:=
Stall Angle

stallAng 406.8 csuck⋅ 1 14.87 csuck⋅+( )⋅:=

Data 
Environmental Data

Surface current velocity VcSurf 2
m

s
:=

Sea water density density 1025
kg

m
3

:=

Sea depth wDepth 50m:=

Number of depth increments nzh 5:=

Turbine Data
Number of arms (blades, rotors or whatever) narm 4:=

Overall radius radius 25m:=

Overall height height 25m:=

Rotation speed / current speed rcratio 3.5:=
itype=1 for hydrofoil
itype=2 for Flettner rotor 
itype=3 for TurbosailTM

Turbine type itype 2:=
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Phase angle increment ntheta 12:=

Solidity sol 0.08:=

Interference factor a 0.3:=

hydrofoil characteristics
Lift coefficient constant cl0 4.297:=

Drag coefficient constants cd0 0.01:=

cd1 0.05:=

Pitch Angle pitchAng 0.0:=

Flettner rotor characteristics
Spin speed / rotation speed scratio 2:=

Turbosail characteristics
Suction velocity

csuck 0.065:=
Stall Angle

stallAng 406.8 csuck⋅ 1 14.87 csuck⋅+( )⋅:=

Data 
Environmental Data

Surface current velocity VcSurf 2
m

s
:=

Sea water density density 1025
kg

m
3

:=

Sea depth wDepth 50m:=

Number of depth increments nzh 5:=

Turbine Data
Number of arms (blades, rotors or whatever) narm 4:=

Overall radius radius 6m:=

Overall height height 10m:=

Rotation speed / current speed rcratio 3.5:=
itype=1 for hydrofoil
itype=2 for Flettner rotor 
itype=3 for TurbosailTM

Turbine type itype 3:=
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Phase angle increment ntheta 12:=

Solidity sol 0.08:=

Interference factor a 0.3:=

hydrofoil characteristics
Lift coefficient constant cl0 4.297:=

Drag coefficient constants cd0 0.01:=

cd1 0.05:=

Pitch Angle pitchAng 0.0:=

Flettner rotor characteristics
Spin speed / rotation speed scratio 2:=

Turbosail characteristics
Suction velocity

csuck 0.065:=
Stall Angle

stallAng 406.8 csuck⋅ 1 14.87 csuck⋅+( )⋅:=

Data 
Environmental Data

Surface current velocity VcSurf 2
m

s
:=

Sea water density density 1025
kg

m
3

:=

Sea depth wDepth 50m:=

Number of depth increments nzh 5:=

Turbine Data
Number of arms (blades, rotors or whatever) narm 4:=

Overall radius radius 25m:=

Overall height height 25m:=

Rotation speed / current speed rcratio 3.5:=
itype=1 for hydrofoil
itype=2 for Flettner rotor 
itype=3 for TurbosailTM

Turbine type itype 3:=
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